Abstract. In this paper, we characterize the super-biderivations of Cartan type Lie superalgebras over the complex field C. Furthermore, we prove that all super-biderivations of Cartan type simple Lie superalgebras are inner superbiderivations.
Introduction
As is well known, all the finite dimensional simple Lie superalgebras over C consist of classical Lie superalgebras and Cartan type Lie superalgebras [9] . However, four families of Z-graded Lie superalgebras of Cartan-type are, the Witt type, the special type and the Hamiltonian type. These Lie superalgebras are subalgebras of the full superderivation algebras of the exterior superalgebras. The structural theory of these superalgebras have been playing a key role in the theory of Lie superalgebras. Derivations and generalized derivations are very important subjects in the research of both algebras and their generalizations.
The concept of biderivations were introduced and studied in [1] , and the authors showed that all biderivations on commutative prime rings are inner biderivations and determined * Supported by the National Natural Science Foundation of China (11601135), Natural Science Foundation of Heilongjiang Province of China (QC2017002) and Project funded by China Postdoctoral Science the biderivations of semiprime rings. In recent years, biderivations have aroused the interest of a great many authors, see [1, 4, 6] . The notion of biderivations of Lie algebras was introduced in [14] . The biderivations of Lie algebras have been sufficiently studied. In [2, 3, 15] , the authors proved that all anti-symmetric biderivations on the Schrödinger-Virasoro algebra, the simple generalized Witt algebra and the infinite-dimensional Galilean conformal algebra are inner, respectively. In [7] , the authors determined all the skewsymmetric biderivations of W(a;b) and found that there exist non-inner biderivations. In [12, 13] , the authors characterized the biderivations without the anti-symmetric condition of the finite dimensional complex simple Lie algebra and some W-algebras, meanwhile, presented some classes of non-inner biderivations. In 2015, Xu and Wang generalized the notion of biderivations of Lie algebra to the super case in [16] , and the authors mainly discussed some properties of super-biderivations on Heisenberg superalgebras. In [5] , the authors proved that all super-skewsymmetric super-biderivations on the centerless superVirasoro algebras are inner super-biderivations. In [17] , the authors proved that any superskewsymmetric super-biderivation of super-Virasoro algebras was inner. In [18] , the authors proved that all super-biderivations of classical simple Lie superalgebras were inner superbiderivations and finded a class of a non-inner and non-skewsymmetric super-biderivations of general linear Lie superalgebra. In [10] , the authors determined all the biderivations of W (2, 2) and found that there existed non-inner biderivations.
In this paper, we are interested in determining all super-biderivations of Cartan type Lie superalgebras over C without the skew-symmetric condition. The main result in this paper is a complete characterization of the super-biderivations of Cartan type Lie superalgebras. The paper is organized as follows. In Section 2, we recall some necessary concepts and notations. In Section 3, we establish several lemmas, which will be used to characterize the super-biderivations of classical simple Lie superalgebras. In Section 4, we determine all super-biderivations of Cartan type Lie superalgebras W (n), S(n), S(n) without the superskewsymmetric condition. In Section 5, we determine all super-biderivations of Cartan type Lie superalgebras H(n) without the super-skewsymmetric condition.
Preliminaries
Throughout C is the field of complex numbers, N the set of nonnegative integers and Z 2 = {0,1} the additive group of two elements. For a vector superspace V = V0 ⊕ V1, we write |x| for the parity of x ∈ V α , where α ∈ Z 2 . Once the symbol |x| appears in this paper, it will imply that x is a Z 2 -homogeneous element. We also adopt the following notation: For a proposition P , put δ P = 1 if P is true and δ P = 0 otherwise.
Lie algebras, derivation and biderivation
Let us recall some definitions relative to Lie algebras [8] . A Lie algebra is a vector space L with a bilinear mapping [ 
for all x, y, z ∈ L.
We call a bilinear map f : L × L −→ L a biderivation of L if it satisfies the following two equations:
where λ ∈ C, then it is easy to check that f λ is a biderivation of L. We call this class of biderivations by inner biderivations.
Lie superalgebras, super-derivation and super-biderivation
Let us recall some definitions relative to Lie superalgebras [9] . A Lie superalgebra is a vector superspace L = L0 ⊕ L1 with an even bilinear mapping
We call a linear map D : L −→ L a super-derivation of Lie superalgebra L if it satisfies the following equation:
for all x, y ∈ L. Write Der0L (resp. Der1L) for the set of all super-derivations of
We call a bilinear map f : L × L −→ L a super-biderivation of L if it satisfies the following two equations:
for all x, y, z ∈ L. Note that our definition of super-biderivation does not assume particular super-skewsymmetry which is different from [5] .
for all x, y ∈ L, where λ ∈ C, then it is easy to check that f λ is a super-biderivation of L. This class of super-biderivations is said to be inner. Denote by IBDer(L) the set of all inner super-biderivations.
Cartan type Lie superalgebras
Let n ≥ 4 be an integer and Λ(n) be the exterior algebra in n indeterminates x 1 , x 2 , . . . , x n with Z 2 -grading structure given by |x i | =1. One may define a Z-grading on Λ(n) by letting degx i = 1, where 1 ≤ i ≤ n. Write n = 2r or n = 2r + 1, where r ∈ N. Put n 2 = r. Cartan type Lie superalgebras consist of four series of simple Lie superalgebras contained in the full superderivation algebras of Λ(n):
, where
otherwise.
A simple computation shows
One may define a Z-grading on W (n) by letting degx i = 1 = −deg∂ i , where 1 ≤ i ≤ n. Thus W (n) becomes a Z-graded Lie superalgebra of 1 depth:
Then S(n) becomes a Z n -graded Lie superalgebra:
, where ξ S = n− 2. The 0-degree components of these superalgebras are classical Lie algebras:
Note that the −1-degree components of these superalgebras is the dual module of natural module of the 0-degree components.
Let
L and i ∈ Z, then we say that x is H * Lhomogeneous (resp. Z-homogeneous) of degree ε (resp. i) and we write ||x|| = ε (resp. deg(x) = i).
Let us describe the roots of Cartan type Lie superalgebras. If L = W (n), we choose the standard basis {ε 1 , . . . , ε n } in H * L , and then
The root systems of S(n) and S(n) are obtained from the root system of W (n) by removing the roots
General lemmas
In this section, let us establish several lemmas, which will be used in proving the main result for this paper. 
By Lemma 3.1 and a simple computation, we shows ∆
Proof. We write
Our discussion is divided into two cases.
By equation (2.2) and observing the coefficients of terms
without loss of generality we can let i
we can obtain a i1···i k+2 = 0. In summary, we have x = 0.
For a nonempty subset V of a Lie superalgebra L, we write alg(V ) for subalgebra of L, which generated by V . By a direct calculation, we have the following lemma. 
Suppose L is a Cartan type Lie superalgebra. Since L has the weight space decompositions and Z-grading, of course BDer(L) inherits a H * L -grading and Z-grading from L as above, that is
where
As the proof of the Lemma 3.3 in [18, p97], we can prove the following Lemma, which is useful to investigate the super-biderivations of Cartan type Lie superalgebra.
Lemma 3.4. Let L be a Cartan type Lie superalgebra and f ∈ BDer(L). Then there are linear maps
for all x, y ∈ L. Furthermore, we have the following properties hold:
By Lemmas 3.3 and 3.4, we have the following two lemmas.
Lemma 3.5. Let L be a Cartan type Lie superalgebra and f
Proof. We only consider the case φ f (L −1 ⊕ L ξL ) = 0. The other case may be treated in a similar way. By Lemma 3.4, we have f (x, y) = [φ f (x), y] = 0 for all x ∈ L −1 and y ∈ L. Then by Lemma 3.3 (1) and (2.1) we can prove the following fact: If f (x, y) = 0 for all x ∈ L i and y ∈ L, then f (z, y) = 0 for all z ∈ L i−1 and y ∈ L. By Lemma 3.4, we have f (x, y) = [φ f (x), y] = 0 for all x ∈ L ξL and y ∈ L. This together with the above fact implies that f is zero.
Lemma 3.6. Let L be a Cartan type Lie superalgebra and f
Proof. We only consider the case
The other case may be treated in a similar way. Then by Lemma 3.4, we have f (x, y) = 0 for all x ∈ L −1 ⊕ L 0 ⊕ L 1 and y ∈ L. By Lemma 3.3 (2) and (2.1), we have f (z, y) = 0 for all z, y ∈ L. Then f is zero.
The following Lemma is given by Theorem 2.4 in [12] .
Lemma 3.7. Let L be a finite-dimensional simple Lie algebra over C. Then every biderivation of L is inner.
Super-biderivations of W (n), S(n) and S(n)
In this section we shall characterize the super-biderivations Lie superalgebras of W (n), S(n) and
where A, B ⊆ H * L . Then we have the following super-biderivations vanishing Proposition.
we can obtain f is zero.
Case 2. Suppose k i ∈ Z for all 1 ≤ i ≤ n and k j < 0 for some 1 ≤ j ≤ n. In this case, we have
for all 1 ≤ j ≤ n. By Lemma 3.3 (3), we have ψ f (L ξL ) = 0. By Lemma 3.5, we have f is zero.
Sequentially, we have
Similarly, we can prove that φ f (L 1 ) = 0. By Lemma 3.6, we can obtain f is zero.
Case 3. Suppose k i ∈ Z for all 1 ≤ i ≤ n and k j ≥ 3 for some 1 ≤ j ≤ n. Note that for
By Lemma 3.4, we can obtain f is zero.
Case 4.
L , we have l p , l q ∈ {−1, 0, 1}, but l p and l q are not all equal to -1 at the same time.
Case 5. Suppose ε = n i=1 k i ε i , where k i ∈ {0, 1, 2} and at most one of k i is equal to 2. Without loss of generality, we can write ε = aε 1 + ε 2 + · · · + ε i , where 1 ≤ i ≤ n and a ∈ {1, 2}. Since ε = θ, l(ε) > 0. Then
Our discussion is divided into two subcases.
By Lemma 3.5, we have f is zero. Subcase 5.2. Suppose ε = ε 1 + ε 2 + · · · + ε i . In this case, we have
and
we can write
where a 1 , a j ∈ C. By Lemma 3.4, we have
where a j ∈ C. By Lemma 3.4, we have
Then λ i = β x . Similarly, we have β i = λ x . Therefore, λ 1 = · · · = λ n and β 1 = · · · = β n , denoted λ and β, respectively. We put λ = λ 1 and β = β 1 . Let y ∈ j≥0 L j and 1 ≤ i ≤ n,
, So by Lemma 3.3 (3), we have ψ f (y) = λy. Similarly, we have φ f (y) = βy. By Lemma 3.4, we have
Then λ = β. In summary, φ f (x) = λx for all x ∈ L. That is f is inner.
By Propositions 4.1 and 4.2, we have the following theorem. 
Super-biderivations of H(n)
In this section we shall characterize the super-biderivations of H(n). We have the following super-biderivations vanishing Proposition. 
